Atom— photon momentum entanglement with quantum interference 
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With quantum interference of two-path spontaneous emissions, we propose a novel scheme to 
coherently control the atom-photon momentum entanglement through atomic internal coherence. 
A novel phenomenon called "momentum phase entanglement" is reported, and we found, under 
certain conditions, that more controllable entangled state can be produced with super-high degree 
of entanglement. 
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Introduction. — Entanglement with continuous vari- 
able has fundamental importance in quantum nonlocality 
[H and in quantum information [2] . Being one of the ways 
of physical realizations, momentum entanglement plays 
a unique role in recent studies [1, 0, H, [a S B U ■ 
In spontaneous emission process, well localized atom- 
photon entangled wavepacket Q can be produced due 
to the momentum conservation, with the degree of en- 
tanglement inversely proportional to the linewidth of the 
transition [1,|3,S[6|]. Therefore, it is believed, by squeez- 
ing the effective transition linewidth, that highly entan- 

S'ed EPR-like state could be produced in free space 
,6]. 

Insofar experiments [7(, the entanglement informa- 
tion can be extracted by correlated momentum mea- 
surements, and it is found that the degree of entan- 
glement is completely detectable with the conditional- 
unconditional variance ratio [i?-ratio in Eg. ([7])] for a 
large variety of physical processes [1, 0, H, 0, 0, There- 
fore, it is straightforward to ask if it is physically possible 
to produce entanglement beyond this momentum detec- 
tion, the present work will answer this question. In a 
typical nearly-degenerated three-level atom, which will 
be discussed in the following, we find that the interfer- 
ence between different quantum pathways [ill , [l^ pro- 
duces significantly the so-called "phase-entangled" state, 
in which the entanglement information can not be eval- 
uated properly by solely using the momentum detection 
measure, i.e., the i?-ratio. Within this model, we find 
that not only the degree but also the modes of the en- 
tanglement can be effectively manipulated by controlling 
the atomic internal coherence, and the entanglement de- 
gree exhibits, "anomalously" , to be proportional to the 
atomic linewidth of the excited energy levels. Therefore, 
it is possible to use this proposed scheme to produce 
a novel and more controllable highly entangled atom- 
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FIG. 1: (a) The atom has two closely-lying upper levels and 
provides two quantum pathways for the spontaneous emis- 
sions. The momentum conservation leads to the entanglement 
of the emitted photon and the recoiled atom, (b) Schematic 
diagram for the momentum detection. The two detectors are 
fixed in one dimension as in the reported experiments 01 • 



photon system in realistic applications. 

Theoretical model. — As shown in Fig. 1 (a), the three- 
level atom has two transition pathways "a" and "b" to 
induce the momentum entanglement with the emitted 
photon due to momentum conservation. We will, in the 
following, only consider the strong interference condi- 
tions, which assumes that the dipoles fia.b parallel with 
each other [llj, i.e., e = fla ■ flh/\l^a\ ■ l/^fcl = 1, and the 
upper-levels are nearly-degenerated: lui2 = uja — oJb < 
7a, fc <C i^a,b, where 7a, & and uja,b are the linewidths and 
central frequencies of the two transitions, respectively. 
The Hamiltonian of this system with the rotating wave 
approximation is: 



H 



ihqf' 
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where hq and f are the atomic center~of-mass momen- 
tum and position operators, m is the atomic mass, aij is 
the atomic operator, (at) is the annihilation (creation) 

operator for the fcth vacuum mode with wave vector k 
and frequency ujj: = ck, and ga,b{k) are the coupling co- 
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efScients for the two transitions, where we use k to denote 
both the momentum and polarization for simphcity. 

It is convenient to depict the above interaction sys- 
tem in Schrodinger picture and expand the photon-atom 
state as: 



g,n=l,2 



^cxp 

q,k 



2m 



Aniq,t)\q,0,n) 
B{q,k,t)\q,l^,3) , (2) 



where the arguments in the kets denote, respectively, the 
wave vector of the atom, the photon, and the atomic 
internal states. 

Using the Born-Markov approximation, the evolution 
of atom-photon state can be solved from Schrodinger 
equation. Suppose the atom is initially prepared in a su- 
perposed internal state Aio|l) -I- A20I2) with a Gaussian 
wavepacket G{q) cx exp [— (g/Jg)^], and the detections 
are restricted as in Fig. 1 (b), then the one-dimensional 
steady state solutions yields: 



Ai{q,t 00) = A2{q,t — > 00) = 0, 
B{q, k,t ^ 00) cx exp[— (Aq/Ty)^] x 



(3) 
(4) 



" Ci(2fff,Si/£^7a7f, -gg) ^ C2i2gbS2/Sy/-fa-fb- 9a) 

_i{Aq+Ak) + {si/ja-^) i{Aq + Ak) + {s2/ja-l) 
where the parameters are defined as: 
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si,2 =2^>^± x/A2 -f e2^a7b), A 



7a - 76 + 2iwi 



, 52,1^10 + h ^Jjajb A20 

± ^ , rj : 
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and the effective wave vectors are defined by: 



(5) 



Ak 



k — ko 

la/c 



, Ag 



hka 



{q - ko) 



fco--. (6) 
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Entanglement detection — The nonfactorization of the 
wavefunction in Eq. (0]) reveals the atom-photon en- 
tanglement. In both theoretical [1, HI and experimental 
studies [3] , the ratio of the conditional and unconditional 
variances [i.e., the i?-ratio defined in Eq. ([7])] plays a cen- 
tral role, since it is a direct experimental measure of the 
nonseparability (entanglement) of the system. 

With the single-particle measurement, the uncon- 
ditional variance for the effective atomic momen- 
tum is determined as Jg^'^sie _ (Ag^) — (Aq)^ = 
f dAq dAfcAg^|i3(g, where the average (•) is taken 
over the whole ensemble. Meanwhile, the coincidence 
measurement gives the conditional variance as (5g'^°'" = 
{Aq^)Ako-{'!^q)Ako « / ^Ag Aq^\B{q, Ako)\^ , where the 
photon is previously detected at some known Aka. With 
these two variances, the entanglement is evaluated by: 
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FIG. 2: (a) The "amplitude entanglement" f?-ratio is plotted 
in dependence on the atomic coherence r and Q with & = 0.02, 
r\ = 0.1. (b) The contour plot of Fig. 2 (a). The circular 
contours indicate the symmetric roles played by r and Q in 
controlling the i?-ratio. The FWHM is denoted by 5e and &r 
as in the figure, (c) The FWHM of R{r) is plotted in sohd 
lines in dependence of 5 with t) = 0.05, 0.1, 0.2 from the top 
to the bottom. Dashed lines are the fitted function 25/77. 



Due to the interference of two transition pathways, 
the i?-ratio highly depends on the initial coherence 
of the two upper atomic levels, which is evaluated by 
^10/^20 = exp (r -I- where r depicts the relative oc- 
cupation probabilities of the two upper levels, and d de- 
termines their coherence phase. In further discussions, 
we assume = Ih = 7, and define 8 = W12/7 < 1 for 
simplicity. 

Following the above analysis, the dependence of i? on r 
and 9 is illustrated in Fig. 2. Under the conditions 77 ^ 1 
and S'^/r] <C 1 [11]) we find that R{r,9) can well be ap- 
proximated by Lorentzian function, and the parameters 
r and 9, in spite of their quite different physical essences, 
play very symmetric roles in controlling the detectable 
i?-ratio [Fig. 2 (b)]. Under these conditions, the i?-ratio 
is maximized at the dark state coherence [(|1) — |2))/-\/2]: 



R{r = 0,6* = tt) « \p2^T]li^, 



(8) 



(7) 



the full width at half maximum (FWHM) of which can be 
well approximated by (5^ « (5e ~ 2(5/?7, as shown in Figs. 
2 (b) and (c). Therefore, with properly chosen atomic 
parameters r\ and 5, this scheme could be used to produce 
significant detectable entanglement in a relatively large 
range of the initial atomic coherence. For example, with 
77 — (5 = 0.01, the system with i? > 100 can be produced 
within the range of 0.018 < |^ioM2o|^ = e^'' < 55, and 
0.367r <9 < 1.67r. 

Phase entanglement. — For a bipartite pure-state sys- 
tem, the degree of entanglement can be completely eval- 
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FIG. 3: Plots of K and R/2.2 in dependence on the atomic 
coherence r or 6, where 77 = 0.1, 5 — 0.02. (a) 6 is fixed at tt. 
(b) r is fixed at 0. (c) K (in spots) and the function R/2.2 
(in sohd Une) are plotted at the dark-state coherence r — 
and 6 — n. 



uated by the Schmidt number [3, [T3| 



K^l/Y^M 



> 1, 



(9) 



where An's are eigenvalues for the entangled atomic 
modes ipni^) and photonic modes (t>n{k) in the Schmidt 
decomposition [l5|: B{q,k) = J2n V>^ipn{q)4>n{k). 

In previous studies on atom-photon momentum entan- 
glement 3, 4, 5, 6], the i?-ratio well measures the entan- 
glement since one has R (x K. However, this is not true 
when the quantum interference is strong as shown in this 
model: since the JJ-ratio is constructed from the module 
part of the wavefunction, it reveals only the amplitude 
correlation between two particles' momentum; therefore, 
when the phase is critical for the nature of the entan- 
glement due to the interference, the traditional i?-ratio 
measurement becomes inadequate for detecting the full 
entanglement information. Actually, by controlling the 
interference with the atomic internal coherence, one may 
produce two systems with K > K' whereas R < R', 
which indicates that significant entanglement informa- 
tion may be lost by the momentum detection with only 
the i?-ratio. 

We compare K and R in Fig. 3, from which one 
finds that both of them are maximized at the dark- 
state coherence {r — 0, 9 = tt). However, compared 
with R{r, 6), K{r, 9) exhibits a much slower decay in the 
vicinity of the maximum, which indicates that, with dif- 
ferent initial atomic coherences, some entanglement in- 
formation may be transferred into the "phase" and can 
not be measured only by the amplitude-based detec- 
tions. This phenomenon is particularly important for 
some highly entangled states, e.g., under the condition 



5 = 2 X 10~^, 77 = 0.1, r = 0, 6 = TT, one may pre- 
pare a highly entangled state with K « 2.8 x 10'' and 
R « 6.2 X 10"*; however, when the initial atomic momen- 
tum and coherence change to 77' = 277, r' = 0.13, the en- 
tanglement of the system does not change, i.e., K' = K, 
but the i?-ratio detection shows that R' — Q.05R. This 
shows that some entanglement information of the system 
is transferred into the phase. 

Similar phenomenon of the so-called "phase entangle- 
ment" has been reported recently in the position space 
to spreading of the wavepacket, it ap- 
pears instantly and must be detected by a series of spatial 
measurements in time Q . For the momentum "phase en- 
tanglement" in this scheme, however, since it is caused 
by the quantum interference and is not affected by the 
wavepacket 's spreading, this phenomenon keeps steady 
in time and could be much easier to be directly observed 
in experiments [7]. 

It is possible to evaluate the "phase entanglement" for 
the highly entangled states in this scheme. For the en- 
tanglement maximized at the dark-state coherence, the 
wavefunction takes a similar form as if no interference 
occurs BiSi]: 



B{q, k,t ^ 00) 



exp[-(A(7/77)2] 



(52/4 



7(A(7 + AA:) 
and then the Schmidt number yields: 

^^max« 1 + 0.28(477/(52-1). 

Together with Eq. ([5]), one yields the relation 



K(r ==0,61 



Rr. 



2.2 



(10) 



(11) 



(12) 



well fulfilled for rj/S"^ ^ 1 and 77 ^ 1 [Tj|, as shown 
in Fig. 3 (c). The linear relation between iCmax and 
-Rmax shown in Eq. (|12[) indicates that the entanglement 
is completely detectable with fixed dark-state coherence 
r — and 6 — tt. For general conditions (where r and 9 
take arbitrary values, see Fig. 3), we have K > R/2.2. 
Therefore, the degree of "phase entanglement" can be 
evaluated by the following parameter: 



PE = 2.2K/R> 1, 



(13) 



which is valid for the states produced with different con- 
trol parameters 77, 5, r and 9. 

A traditional idea to enhance the entanglement of mo- 
mentum is to correlate the atom and photon momen- 
tum bysqueezing the transition linewidth since K (x 1/^ 
0i 0jM Si- However, in our proposed scheme, which 
employs an essentially different mechanism for produc- 
ing the entanglement through quantum interference, we 
have, anomalously, that K-a^ax oc 7 as shown in Eq. 
(IT^ . With broader linewidth of the two upper energy 
levels, the interference will be enhanced and, as a re- 
sult, increases the momentum entanglement. Therefore, 
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FIG. 4: (a) to (c) First three Schmidt modes are compared 
between states B{q, k) with S = 0.02, r/ = 0.12, r = 0, = tt 
and B'{q,k) with S' = 5, 9' = 6, r] = 0.2, r' = 0.38, where 
one has K' = K and R' ~ 0.38/?. The phase entanglement 
of B'{q, k) broadens its first Schmidt mode and decreases the 
number of peaks for the rest modes, (d) The distributions of 
the eigenvalues in their Schmidt decompositions, where the 
inset shows the first four eigenvalues. The solid and dashed 
lines are for B{q,k) and B'{q,k), respectively. 

it is possible to use this mechanism to produce super- 
high momentum entanglement even for the atomic sys- 
tem with large damping rate 7. 

Entangled modes. — The phase entanglement can, more 
intuitively, be understood in terms of Schmidt decom- 
position. According to Eq. if is a measure for 
the number of the important Schmidt modes, while R- 
ratio is related to the coherence between these modes 
[ipn{q)]\ which can be seen more clearly by rewrit- 
ing the unconditional and conditional variances as: 
5g-ngle ^ J Ag^ ^„ A„ | (?) I ' = (Aq^)^., ^g™'" « 
JdAq Aq^\j:^VKMq}? = (Ag2)s„. These formu- 
lae indicate that the unconditional variance ^(jf®'"8ic jg 



the variance taken by an "incoherent" superposition of 
different Schmidt modes weighed by A„, i.e., Ei{q) = 
^nli'niq)]^ , whilc the conditional variance Sq'^°^'^ is 
taken over a "coherent superposition" of different modes, 
i.e., Ec{q) = II]„ \/^V'n(9)P- Therefore, the i?-ratio 
defined in Eq. ([7]) actually represents the wavepacket 
narrowing caused by the coherence between different 
Schmidt modes. 

In Fig. 4, we compare the atomic Schmidt modes 
between the states B{q,k) and B'{q,k) with K' — K 
and R' ~ 0.38i?. It can be seen that the phase en- 
tanglement significantly broadens the first few Schmidt 
modes and decreases the number of peaks for the rest 
ones; moreover, the coherence between different Schmidt 
modes diminishes and, as a result, decreases the i?-ratio. 
The photonic Schmidt modes exhibit similar properties 
as atomic modes and remain the Gaussian localization 
properties H, [sj] in spite of the shape distortions caused 
by the interference. Therefore, it is possible to apply this 
scheme to efficiently control the entangled modes under 
a certain degree of entanglement. 

Conclusion. — In summary, we investigate the atom- 
photon momentum entanglement caused by the quan- 
tum interference in a three-level atom. The novel phe- 
nomenon of "momentum phase entanglement" is shown 
and evaluated quantitatively. Using this scheme, a 
novel atom-photon entangled state can be produced with 
super-high degree of entanglement and controllable en- 
tangled modes. Since the proposed configuration has 
been extensively studied both theoretically and experi- 
mentally [Ill,[ll, and can be realized by mixing different 
parity levels or by using dressed-state ideas, these new 
features are most probable to be examined in experiments 
and used in realistic applications [2]. 
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